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Abstract
The category of internal categories and functors, in a Mal’cev exact category, is again Mal’cev
exact. c© 1999 Elsevier Science B.V. All rights reserved
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0. Introduction
Internal categories in the category of groups form a variety [6], namely the variety of
crossed modules. A similar description holds for the internal categories in the category
of rings, Lie algebras, associative algebras [8]. In all these examples Cat(C), being a
variety, is always an exact category in the sense of Barr [1]. The example of Cat, the
category of small categories, shows that Cat(C), when C is exact (namely C= Set),
is in general not even regular.
The categories of groups, rings, Lie algebras, associative algebras already cited con-
stitute examples of Mal’cev exact categories. Therefore, it was a natural question to
ask whether the category of internal categories in a general Mal’cev exact category is
always an exact category. In this note we prove that Cat(C) is exact, and, moreover,
that it is also Mal’cev. This implies that Cat(Cat(C)) is still Mal’cev exact and so on.
A characterization of Mal’cev exact categories in terms of their internal categories is
also given under the assumption that the category has nite limits and coequalizers.
To obtain these results we use some properties of Mal’cev categories which were rst
proved in [3{5]. As a consequence of this general approach we obtain the validity of
these results for some interesting non varietal categories as, for example, dual categories
of any topos, the dual of the category of abelian groups, the dual of the category of
compact Haussdorf spaces and any category of models of Mal’cev varieties in an exact
category.
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1. Preliminaries on exact categories
We use the notions of regular and exact categories in the sense of Barr [1], with
the convention that \regular" and \exact" always include the existence of nite limits.
C will always denote a nitely complete regular category.
In [1], Barr has proved that any regular category, in particular any exact category,
admits an exact embedding in a topos of presheaves. This yields a metatheorem allow-
ing to use part of the internal logic of a topos to develop proofs in a regular category:
in particular, nite limits can be described elementwise as in the category of sets and
regular epimorphisms can be handled via the usual formula describing surjections. We
shall freely use this technique.
2. Some properties of Mal’cev categories
A regular category C is Mal’cev when every reexive relation R
r
 X X is an
equivalence relation or, equivalently, when every reexive relation is symmetric (see
[4]). There are numerous other equivalent formulations of the Mal’cev condition on C,
among which the difunctionality of every relation R
r
 X X , meaning, in the internal
logic of C,
(xRy)^ (zRy)^ (zRt)) (xRt):
Recent papers as [6, 7, 10] by Janelidze and Pedicchio showed the importance of
investigating internal structures in varieties of Universal Algebra and a similar study
was done in [5, 10] for Mal’cev categories. Just to x the notation, let us recall that
an internal category in C consists in a diagram
1−−−−−! d−−−−−!
A1
A0
A1
m−−−−−!A1
e −−−−−A02−−−−−! c−−−−−!
with well-known properties; correspondingly an internal functor p :A!B between in-
ternal categories consists in two morphisms p0 :A0!B0 and p1 :A1!B1 in C with ad
hoc properties; we write Cat(C) for the corresponding category of internal categories
and internal functors. Requiring neither associativity of the multiplication m nor the
axiom d m=d  2; c m= c  1 yields the notion of internal multiplicative graph;
we write RMG(C) for the corresponding category. Finally the (A0; A1; d; c; e) part of
the diagram describes the notion of reexive graph and we write RG(C) for the corre-
sponding category. The following result can be found in [5] (where C does not need
to be regular, but is just required to have nite limits):
Proposition 2.1. If C is a Mal’cev category;
1. the forgetful functor U :Cat(C)!RG(C) is full;
2. Cat(C) is equivalent to RMG(C).
The next lemma is important in order to describe regular epimorphisms in Cat(C);
in its proof the Mal’cev assumption plays an essential role.
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Lemma 2.1. Let C be a regular Mal’cev category.
Suppose p=(p0; p1) :A!B is a regular epimorphism in RG(C); i.e. p0 and p1
are regular epimorphisms in C.
Then the induced morphism p2 :A1
A0
A1!B1
B0
B1 is a regular epimorphism in C.
Proof. Consider the following diagram:
where p2 is the map induced by p1  A1 and p1  A2 .
We write the proof in the internal logic of C. Let’s dene a relation R on B1 by gRf
if and only if dB(g)= cB(f) and there exists (g0; f0)2A1
A0
A1 with p2(g0; f0)= (g; f).
Then, if (g; f) is in B1
B0
B1, since p1 is surjective there exist g0 2A1 and f0 2A1 such
that
p1(g0)= g; p1(f0)=f:
We see that gR1dB(g), since
(g0; 1dA(g′))2A1
A0
A1
and
p2(g0; 1dA(g′)) = (p1(g
0); p1(1dA(g′)))
= (g; p1  eA dA(g0))
= (g; eB p0 dA(g0))
= (g; eB dB p1(g0))
= (g; 1dB(g)):
Similarly one checks that 1cB(f)Rf and obviously 1cB(f)R1dB(g). The category C is
Mal’cev, which implies the difunctionality of R. Hence from
gR1dB(g); 1cB(f)R1dB(g); 1cB(f)Rf
one concludes that gRf and that p2 is surjective (a regular epimorphism).
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3. Main results
Let C be a regular Mal’cev category.
Theorem 3.1. Cat(C) is closed under quotients in RG(C).
Proof. Let A; B2RG(C) and consider a regular epimorphism p=(p0; p1) :A!B in
RG(C). We want to prove that, if A is an internal category in C, then B is an internal
category in C as well.
By Lemma 2.1. the induced morphism p2 is a regular epimorphism; we consider
the kernel pairs of p0; p1 and p2 as in the diagram
where P=(A1
A0
A1) 
(B1
B0
B1)
(A1
A0
A1). It is not dicult to see that Cat(C) is closed in
RG(C) under equalizers and products and that nite limits in Cat(C) are calculated
componentwise. So, by the usual constructions of pullbacks by products and equalizers,
one can see that A
B
A is a category. Moreover, as Cat(C) is a full subcategory of
RG(C) (by Proposition 2.1), the morphisms (01; 
1
1; 
2
1) and (
0
2; 
1
2; 
2
2) are morphisms
in Cat(C). Then
p1 mA  21 =p1  11 m=p1  12 m=p1 mA  22:
This implies that there exists mB :B1
B0
B1!B1 such that mB p2 =p1 mA.
C is a Mal’cev category: by Proposition 2.1, to prove that B2Cat(C) we just need
to check that it is a reexive multiplicative graph:
mB  (1B1 ; eB dB) p1 =mB  (p1; eB dB p1)
=mB  (p1; eB p0 dA)
=mB  (p1; p1  eA dA)
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=mB p2  (1A1 ; eA dA)
=p1 mA  (1A1 ; eA dA)
=p1  1A1
=p1
and p1 is a regular epimorphism, so mB  (1B1 ; eB dB)=1B1 and mB  (eB  cB; 1B1 )=1B1 .
This shows that B is an internal category in C.
Lemma 3.1. Let A and B be two internal categories in C and p=(p0; p1) a mor-
phism from A to B in Cat(C). Then p=(p0; p1) is a regular epimorphism in Cat(C)
if and only if p is a regular epimorphism in RG(C):
Proof. Let p=(p0; p1) be a regular epimorphism in Cat(C). Consider the kernel
pair (A0
B0
A0; 01; 
0
2) of p0, the kernel pair (A1
B1
A1; 11; 
1
2) of p1 and the kernel pair
P=((A1
A0
A1) 
(B1
B0
B1)
(A1
A0
A1); 21; 
2
2) of p2.
Under our assumptions on the category C the coequalizers q0; q1 of (01; 
0
2) and
(11; 
1
2) exist. There is an induced regular epimorphism q2 from A1
A0
A1 to C1
C0
C1.
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By Theorem 3.1 C is an internal category and q=(q0; q1) is then a morphism in
Cat(C); then there exists a morphism of categories =(0; 1) from B to C such that
 p= q, i.e. i pi= qi for i=0; 1; 2.
On the other hand, there exist morphisms 0 :C0!B0 and 1 :C1!B1 with i  qi=pi
for i=0; 1 and it is clear that (0; 1) is a morphism of reexive graphs. This implies
that   q=p.
One has
1  1  q1 = 1 p1 = q1
from which 1  1 = 1C1 ; moreover,
   p=   q=p
from which   =1B and in particular 1  1 = 1B1 . This implies that p1 (and p0)
are regular epimorphisms, i.e. p is a regular epi in RG(C).
To prove the converse one uses Theorem 3.1 and the fullness of Cat(C) in RG(C).
Proposition 3.1. The category Cat(C) is regular.
Proof. Cat(C) is nitely complete because C is so. Lemma 3.1 implies that regular
epimorphisms are stable under pullbacks since they are stable in C. To show the
existence of the factorization let us consider a morphism f=(f0; f1) in Cat(C). Since
C is regular there exist regular epi-mono factorizations f0 = i0 p0 and f1 = i1 p1,
these morphisms inducing two morphisms p2 and i2 at the level of pullbacks.
By Theorem 3.1 one knows that taking the images of f0 and f1 one obtains an
internal category in C. It is clear then that p=(p0; p1) is a regular epimorphism in
Cat(C) and i=(i0; i1) is a monomorphism in Cat(C).
From now C will denote a Mal’cev exact category.
Proposition 3.2. Cat(C) is a Mal’cev category.
Proof. It suces to prove that every reexive relation (r1; r2) :R X X in Cat(C)
is symmetric.
Recall that RG(C) is a Mal’cev exact category because it is a category of func-
tors [G;C] with C a Mal’cev exact category [3]. This means that if we consider
(r1; r2) :R  X X as a reexive relation in RG(C), it is already symmetric at the
level of \objects of objects" and at the level of \objects of morphisms": more precisely
there exists a morphism =(0; 1) in RG(C) such that
ri1  i= ri2; ri2  i= ri1 ; i=0; 1:
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As usual there is an induced morphism 2 by the pullbacks:
2 is indeed a symmetry at the level of \objects of composable pairs of morphisms":
X1  r21  2 = r11  R1  2 = r11  1  R1 = r12  R1 = X1  r22
and similarly X2  r21  2 = X2  r22 from which r21  2 = r22 . Of course, r22  2 = r21 .
The morphism =(0; 1) is a morphism in Cat(C) and gives the desired sym-
metry on (r1; r2) :RX X . This proves that every reexive relation in Cat(C) is
symmetric; being also regular, Cat(C) is Mal’cev.
Theorem 3.2. Cat(C) is a Mal’cev exact category.
Proof. In a category with pullbacks the fact that a relation (r1; r2) :RX X on an
object X is an equivalence relation reduces to the existence of three morphisms 
(diagonal),  (symmetry) and  (transitivity) satisfying some specic properties (for
example the symmetry  has been used in the previous lemma). In Cat(C) these
properties are satised at three dierent levels: at the level of the \objects of objects",
of the \objects of morphisms" and of the \objects of composable pairs of morphisms".
Let us consider an equivalence relation in Cat(C):
R1
R0
R1
r21−−−−−!−−−−−!
r22
X1
X0
X1
mR
?
?
?
?
?
y
?
?
?
?
?
y
mX
R1
r11−−−−−!−−−−−!
r12
X1
dR
?
?
?
?
?
y
?
?
?
?
?
y
cR dX
?
?
?
?
?
y
?
?
?
?
?
y
cX
R0
r01−−−−−!−−−−−!
r02
X0
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Since C is exact, there exist the coequalizers q0 of the morphisms (r01 ; r
0
2) and q1
of the morphisms (r11 ; r
1
2). By Theorem 3:1: this quotient is an internal category in C
and nally (r1; r2) :RX X is the kernel pair of q=(q0; q1). Cat(C) is regular and
Mal’cev by Propositions 3:1 and 3:2, so the proof is complete.
Corollary 3.1. Cat(Cat(C)) is Mal’cev exact.
We conclude by proving that a partial converse result holds:
Proposition 3.3. Let C be a category with nite limits and coequalizers. The follow-
ing conditions are equivalent:
1. C is Mal’cev exact.
2. Cat(C) is Mal’cev exact.
Proof. 2:) 1: Let V be the discrete functor from C to Cat(C) sending an object
A 2 C to the discrete category on A, namely A0 =A1 =A2 =A and d= c= e=m=1A.
V is a full and faithful functor which preserves nite limits. It also preserves regular
epimorphisms: if f :A!B is a regular epimorphism in C, we take the kernel pair
(A
B
A; 1; 2) of V (f)= (f;f) in Cat(C). Consider a morphism (p0; p1) from (A; A)
to an object (C0; C1) in Cat(C) such that
(p0; p1)  (1; 1)= (p0; p1)  (2; 2):
There clearly exists (q0; q1) in RG(C) such that (q0; q1)  (f;f)= (p0; p1).
The morphism (q0; q1) is also a morphism in Cat(C): if we denote by m the multi-
plication on C one has
m  q2 f=m p2 =p1 = q1  1A f
and f is a regular epimorphism in C.
The functor V is then exact and is obviously conservative; this implies that regular
epimorphisms are stable under pullbacks in C. On the other hand one can easily check
that, under our assumptions, every kernel pair of a morphism V (f)= (f;f) has a
coequalizer given by (q; q), where q is the coequalizer in C of the kernel pair of f. In
the presence of nite limits and of the stability of regular epimorphism by pullbacks the
existence of such coequalizers is indeed equivalent to the existence of regular epi-mono
factorizations, hence C is regular.
Let (R; r1; r2) be an equivalence relation in C, the coequalizer q of (r1; r2) in C is
preserved by V . By hypothesis in Cat(C) the equivalence relation (V (R); V (r1); V (r2))
is the kernel pair of its coequalizer (q; q); since kernel pairs in Cat(C) are computed
componentwise, one deduces that the equivalence relation (R; r1; r2) is eective in C.
Finally, using the fact that Cat(C) is Mal’cev a similar argument shows that in C
any reexive relation is symmetric, proving that C is Mal’cev.
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